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A self-consistent nonlinear hydrodynamic theory is presented of the propagation of a long and thin
relativistic electron beam through a plasma that is relatively strongly magnetized, |Ωe| ∼ ωpe and
whose density is much bigger than that of the beam. In the regime when the parallel phase velocity in
the comoving frame is much smaller than the thermal speed and the beam electrons are thermalized,
a stationary solution for the beam is found when the electron motion in the transverse direction is
negligibile and the transverse localization comes from the nonlinearity of its 3-D adiabatic expansion.
Conversely, when the parallel phase velocity is sufficiently large to prevent the heat convection
along the magnetic field, a helicoidally shaped stationary beam is found whose transverse profile is
determined from a nonlinear dispersion relation and depends on the transverse size of the beam and
its pitch angle.
PACS numbers: 52.40.Mj, 52.27.Ny, 29.27.Bd, 52.59.Sa, 52.35.Mw
I. INTRODUCTION
The propagation of thin relativistic electron or positron beams along a strong magnetic field immersed in a plasma
has attracted a lot of interest in the last decades. Besides the fundamental theoretical importance of the processes
involved in such interaction, the interest has been stimulated also by the possibility of their practical applications.
The experimental configurations of such type have been proposed for the generation of intense X-rays in free electron
lasers (FEL), see e.g.1 and references therein, and also for the new concept of plasma based particle accelerators that
include the plasma wake field accelerator (PWFA)2 and the inverse FEL schemes3,4. Moreover, the radiation from
moving, localized charge distributions plays an important role in the generation and trapping of whistler waves in the
radiation belts of the Earth’s magnetosphere, for the auroral electron beams in the ionosphere, for the current and
temperature filaments in tokamaks, etc.
Plasma-based particle accelerators are expected to be capable of accelerating charged particles beyond 10 TeV. The
PWFA concept consists in the injection of a relativistic electron or positron beam into the plasma, creating a vacancy
in the electron population of the background plasma, while the much heavier plasma ions remain in place. In the
wake of the driver beam, a very large amplitude electrostatic wave is created that propagates with the same velocity
as the beam. When the latter is properly bunched and the beam density is of the order of 1017 − 1018 cm−3, an
accelerating electric with the intensity up to 1 GV/cm can be created, yielding the energy of the accelerated particles
to be 3 − 4 times bigger that that of the driving beam2. The dynamics of the driving beam of a PWFA device,
coupled with the electric field created by it inside the plasma in the presence of a magnetic field, was studied in our
earlier papers5,6 using the Vlasov’s kinetic theory and a macroscopic (i.e. an envelope) description for the beam itself,
based on the virial theorem. This has been done in the strongly nonlocal case (when the beam spot-size is much
smaller than the plasma wavelength), in the overdense regime (when the beam density is much smaller than that of
the plasma), and for a sufficiently long beam, adiabatically shielded by the plasma. It was demonstrated that in the
longitudinal direction a driving beam of finite extent can undergo a two-stream instability in the longitudinal direction,
while in the transverse direction it can be subjected to self-focusing/defocusing, filamentation, or self-pinching. The
feedback from the transverse plasma wake field on the driving beam and the thermal spreading of the latter lead to
the nonlinear self modulation of the beam, i.e. to the sausage-shaped betatron-like oscillations of the beam envelope
whose period depends on the external magnetic field. On longer time scales and under suitable conditions, these
can be either stable or unstable (so-called self modulation instability). However, the macroscopic beam description
of Refs.5,6 based on the virial theorem, assumed a cylindrically symmetric structure and did not account for any
transverse dynamics of the beam’s centroid, including possible displacements in the transverse direction. When the
beam transverse displacements are one dimensional (1-D), i.e. when the beam motion occurs in a plane parallel to
the direction of propagation, the hose instability is excited with a growth rate that is comparable to that of the
self-modulation7. Earlier models suggested that the hose instability would significantly alter the structure of the
plasma wake field and limit the applicability of plasma-wake field accelerators, but recently it has been shown8 that
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2the inherent drive-beam energy loss, along with an initial beam-energy spread, detunes the betatron oscillations of
beam electrons and thus quenches the instability, stabilizing the drive beam over long propagation distances.
Besides the 1-D beam excursions that lead to the hose instability, it is necessary to study also 2-D transverse
displacements such as those existing in a helicoidal geometry, because of the unique advantages of helicoidal electron
bunches for the use in FELs and in inverse FEL accelerator schemes, as well as in direct laser acceleration (DLA)
that may increase the efficiency of LWA. In a DLA scheme, the electrons inside the ion channel are trapped by
the combination of the longitudinal external magnetic field and the strong self-generated quasi-static magnetic and
ponderomotive fields. In the transverse direction, trapped electrons undergo betatron-like oscillations in the self-
generated fields while moving on (almost) circular trajectories with fixed radii. The orbits of trapped electrons in
phase space are closed, the variation of their ponderomotive phases is very slow, and consequently they stay longer in
the acceleration phase and get accelerated more efficiently. The generation of a helical electron bunch via direct laser
acceleration, using a circularly polarized laser pulse propagating in a plasma with a near-critical density, has been
demonstrated in 3-D self-consistent Particle-in-Cell (PIC) simulations4. Likewise, an inverse FEL scheme concocted
as a combination of PWFA and LWA3, that utilized the interaction between a helical electron beam (driven through a
0.5 m long tapered helical undulator) and a laser beam with a modest intensity ∼ 1013 W/cm2, produced a wake with
an accelerating gradient > 0.1 GV/m delivering a 450 MeV energy gain with excellent output beam quality. Helicoidal
electron bunches were created also using a circularly polarized laser beam and a helical undulator1. The emergence of
microbunching in this experiment was documented by the observed coherent transition radiation corresponding to a
dominantly helical electron beam density distribution. Such bunches can be used as tunable sources of coherent light
with orbital angular momentum in high-gain free-electron lasers.
The radiation from helicoidal bunches entering plasma from a vacuum, or propagating in a plasma, were studied
by9,10, neglecting the feedback from the plasma to the driver bunch, assuming that the plasma is relatively weakly
magnetized |Ωe|  ωpe. Frequencies above |Ωe| were considered, for which three regimes were identified. In the
evanescent regime |Ωe| < ω < ωpe, plasma modes are evanescent in the perpendicular direction and localized near
the beam. As a consequence of the helical geometry, spatially localized magnetic fluctuations are generated at the
harmonics of the electron-cyclotron frequency whose width is determined by the pitch angle of the beam. In the upper
hybrid regime ωpe < ω < ωuh, the beam excites propagating upper hybrid waves, and in the vacuum regime ω > ωuh
the beam excites propagating electromagnetic modes whose frequencies are near the harmonics of Ωe.
In the present paper we present a self-consistent nonlinear hydrodynamic theory of the propagation of a long and
thin relativistic electron beam through a plasma. The plasma is overdense (i.e. its density is much bigger than that of
the beam) and relatively strongly magnetized, |Ωe| ∼ ωpe. Two different regimes of the beam evolution are considered
with respect to the rate of parallel heat convection. Firstly, if the parallel phase velocity in the comoving frame is
much smaller than the thermal speed, the beam electrons are thermalized and a stationary solution for the beam
profile is found in the regime when the electron motion in the transverse direction is negligibile. For such a beam,
the localization in the transverse direction is governed by the nonlinearity associated with its 3-D adiabatic expansion
while the self-modulation and the related betatron emission are weak. Conversely, when the parallel phase velocity is
sufficiently large to prevent the heat convection along the magnetic field, the beam can have an arbitrary cylindrically
symmetric transverse profile that remains stable on the timescale that is short compared to the period of betatron
oscillations. However, if the beam is launched at a small pitch angle relative to the magnetic field so that it attains a
helicoidal shape, it remains stable only if its transverse profile satisfies a nonlinear dispersion relation determined by
the transverse size of the beam and its pitch angle.
II. THE DESCRIPTION OF THE PLASMA
The system that we study in the present paper consists of a quiescent plasma with the homogeneous unperturbed
density is np0, immersed in a homogeneous magnetic field ~ezB0 and pierced by a relativistic beam of electrons with
the density nb. In the rest of the paper, the plasma and the beam parameters are denoted by the subscripts p
and b, respectively. The beam propagates with a relativistic velocity ~ezu, with c − u  c, and it is relatively long,
Lb‖  Lb⊥. Here c is the speed of light and Lb‖ and Lb⊥ are the characteristic lengths of inhomogeneity of the beam
in the directions parallel and perpendicular to its direction of propagation, respectively. The electromagnetic field in
such a system is described by the standard wave equation
∇
(
∇ · ~E
)
−∇2 ~E + 1
c2
∂2 ~E
∂t2
= − 1
c20
∂
∂t
(
~jp +~jb
)
, (1)
where the electric current is the sum of the contributions of the plasma- and beam electrons, viz. ~jp = −enp~vp and
~jb = −enb~vb; here nl and ~vl (l = p, b) are the fluid density and the fluid velocity of the species l. We take that both
3the velocity of the plasma electrons and the deviation of the velocity of the beam electrons from their unperturbed
velocity ~ezu are nonrelativistic, viz. |~vp| ∼ |~vb − ~ezu|  c. The density of the beam is assumed to be much smaller
than that of the background plasma, nb/np ∼ vp/u 1, so that the plasma and beam currents are of the same order.
For such overdense plasma and a not too strong electromagnetic field, in which the potential energy of an electron in
the electrostatic potential φ and in the z− component of the vector potential Az is much smaller than the electron
rest energy, viz. φ ∼ uAz  m0c2/e, m0 being the electron rest mass. Introducing the small parameter ε 1 as
ε ∼ c− u
c
∼ nb
np0
∼ e (φ− uAz)
m0c2
 1, (2)
we can now rewrite the i-th component of the Fourier-transform of the wave equation (1), with the accuracy to the
leading order in ε, in the following familiar form(
k2 δi,j − kikj − ω
2
c2
i,j
)
Ej = − iω
c20
enb u δi,z (3)
where δi,j is the Kroenecker delta and i,j is the i, j component of the dielectric tensor , viz.
 =
∥∥∥∥∥∥
1 i 2 0
−i 2 1 0
0 0 3
∥∥∥∥∥∥ , 1 = 1− ω
2
pp
Ω2p − ω2
, 2 =
Ωp ω
2
pp
ω
(
Ω2p − ω2
) , 3 = 1− ω2pp
ω2
, (4)
where ωpp =
√
np0e2/m00 and Ωp = −eB0/m0 are the plasma frequency and the gyrofrequency of the plasma
electrons, respectively. The dielectric tensor (4) is pertinent to high frequency perturbations whose parallel phase
velocity is comparable to the speed of light,
ω ∼ ckz  ck⊥ ∼ ωpp ∼ Ωp, (5)
for which both the ion dynamics and the electron thermal effects can be neglected within the adopted accuracy. Here
⊥ stands for the vector components perpendicular to the direction of propagation of the beam.
Solving Eqs. (3) for the parallel electric field, which is conveniently expressed as Ez = −ikz[φ− (ω/kz)Az], where
φ and Az are the electrostatic potential and the z-component of the vector potential, respectively, we have
φ− (ω/kz)Az = R
D
nb
np0
, (6)
where D is the determinant of the dispersion matrix D, defined as Di,j = k
2 δi,j − kikj − (ω2/c2) i,j , viz.
D = c4k4⊥Ω
2
p + (ω
2
pp − ω2)(ω2pp + c2k2⊥)2 +
ω2 − c2k2z
ω2
{(
ω2 − ω2pp
) [
ω2
(
c2k2⊥ + 2ω
2
pp
)− (ω2 − c2k2z − c2k2⊥) (ω2 − Ω2p)]− ω2Ω2pc2k2⊥} (7)
R = ω2pp
m0ω u
e kz
{(
ω2 − ω2pp
)2
+ c2k2⊥ω
2
pp+
ω2 − c2k2z
ω2
c2k2⊥
(
Ω2p − ω2
)− 2c2k2z [ω2 − Ω2p − ω2pp − c2k2z2ω2 (ω2 − Ω2p)
]
− ω2Ω2p
}
(8)
The dispersion relation D = 0 describes linear electromagnetic perturbations whose frequency ω is sufficiently high
so that the ions can be regarded as immobile, i.e. for ω  max(Ωi, ωpi), where Ωi and ωpi are the gyrofrequency
and the plasma frequency of the plasma ions, respectively. When its mode frequency is also small compared to the
gyrofrequency of the plasma electrons, ω < |Ωp|, see Eq. (5), the electromagnetic perturbation is usually referred to as
the obliquely propagating whistler. For an almost perpendicular propagation envisaged in Eq. (5), with the accuracy
to the leading order in kz/k⊥ ∼ ω/ck⊥, the dispersion relation D = 0 is readily solved as
c2k2⊥
ω2pp
=
Ω2p(c
2k2z − ω2)− 2ω2ωpp ± Ωp
√
Ω2p (c
2k2z − ω2)2 − 4 c2k2z ω2ω2pp
2ω2
(
Ω2p + ω
2
pp
) . (9)
The wavenumber k⊥ of such oblique whistler is a real quantity if the parallel phase velocity ω/kz is sufficiently small
ω2
c2k2z
<
√
Ω2p + ω
2
pp − ωpp√
Ω2p + ω
2
pp + ωpp
< 1, (10)
4and otherwise the wave is evanescent. Obviously, for an efficient wake field scheme we need a plasma response that
is in resonance with the relativistic beam, i.e. which satisfies ω = kzu+O(ε) ≈ kzc. From Eq. (10) we see that such
response is also well localized in the transverse direction. Performing the inverse Fourier transform, i.e. making the
substitutions ω → i ∂/∂t and kj → −i ∂/∂xj and for a sufficiently long beam, ∂/∂z  ∇⊥, neglecting the terms of
the order ε and smaller, we obtain the following relation between the potentials φ and Az and the beam density nb[(
1− c
2∇2⊥
ω2pe
)2
+
Ω2p c
4∇4⊥
ω6pe
]
eϕ
m0c2
=
(
1− c
2∇2⊥
ω2pe
)
nb
np0
, where ϕ = φ− uAz. (11)
As it will be shown below, the beam density nb varies on the timescale that is slow compared to u ∂/∂z and, within
the adopted accuracy, our Eq. (11) describes the instantaneous plasma response to such slow variation.
III. THE DESCRIPTION OF THE BEAM
The dynamics of the beam is conveniently described by the collisionless hydrodynamic equations written in the
reference frame comoving with the beam, which we carry out by introducing the following notations
~r ′ = ~r − ~ezut, ~v ′ = ~vb − ~ezu, ~E ′ = ~E + ~ezu× ~B, ∂/∂t′ = ∂/∂t+ u ∂/∂z. (12)
Specifically, ∂/∂t′ corresponds to the slow variation in the comoving frame. The appropriate scaling of such slow
variation is elaborated in Eq. (17). The velocity ~v ′ is assumed to be nonrelativistic, satisfying |~v ′|  c− u c, and
consequently the momentum of the beam electrons can be approximated as
m~vb ≡ m0 (~v
′ + ~ezu)√
1− (~v ′ + ~ezu)2/c2
≈ m0√
1− u2/c2
[
~v ′ + ~ez
(
u+
u2v′z
c2 − u2
)]
, (13)
which permits us to write the equations of continuity and momentum as follows
∂nb
∂t′
+∇′ · (nb~v ′) = 0, (14)(
∂
∂t′
+ ~v ′ · ∇′
)
~v ′′ = − e
mb
(
~E ′ + ~v ′ × ~B
)
− 1
mbnb
∇′ · (pb + pib) , where ~v ′′ = ~v ′ +
(
γ2u − 1
)
~ezv
′
z, (15)
and for more details about the foundation of the relativistic hydrodynamic plasma description see e.g. Refs.11,12. For
later reference, we write also the parallel momentum equation, obtained by the scalar product of Eq. (15) with a unit
vector parallel to the magnetic field, ~e‖, where ~e‖ = ~B/B and B is the intensity of the magnetic field, B = | ~B|(
∂
∂t′
+ ~v ′ · ∇′
)
v′′‖ +
e
mb
~e‖ ·
(
~E ′ +
1
enb
∇′p‖ −
p‖ − p⊥
enbB
∇′B
)
+
1
mbnb
∂pi‖,β
∂x′β
= ~v ′′⊥ ·
(
∂
∂t
+ ~v ′ · ∇′
)
~b, (16)
In the above, γu is the relativistic factor of the unperturbed beam motion, γu = 1/
√
1− u2/c2 and mb is the
relativistically increased ’perpendicular mass’ of the beam electrons, mb = γum0. The stress of the beam electrons
pib and their pressure pb are off-diagonal and diagonal tensors, respectively. The latter is given by p = p⊥(I −
~e‖~e‖) + p‖ ~e‖~e‖, where I is a unit tensor, viz. Iα,β = δα,β and δα,β is the Kronecker delta, the directions parallel
and perpendicular to the magnetic field are denoted by the subscripts ‖ and ⊥, respectively, and the standard vector
algebra shorthand is used for the divergence of a tensor w, viz. ∇·w = ~eα(∂wα,β/∂xβ), and also for ~p·~q ~r = (~p·~q)~r and
∇ · ~q ~r = (∇ · ~q + ~q · ∇)~r. A pressure anisotropy implies different parallel and perpendicular beam temperatures. The
ratio of the unperturbed values of the pressures, observed in the laboratory frame, is given by p‖0/p⊥0 = γ
2
u T
′
b‖0/T
′
b⊥0 ,
where the unperturbed temperatures T ′b‖0 and T
′
b⊥0 are measured in the moving frame, see e.g. Ref.
13.
In a magnetized plasma, the closure of fluid equations (14) and (15) and the formulation of appropriate equations
for p‖, p⊥, and piα,β is relatively simple under the drift scaling and in the regime of small perturbations of the magnetic
field, weak dependence along the magnetic field, and small but finite Larmor radius corrections, viz.
ε ∼ u ∂/∂z
′
Ωp
∼ ∂/∂t
Ωp
∼ ∂/∂t
′
Ωb
∼ ~v
′ · ∇′
Ωb
∼ |
~B − ~ezB0|
B0
∼ ~e‖ · ∇
′
|∇′⊥|
. p⊥
mbnb
∇′⊥2
Ω2b
∼ γ−2u  1, (17)
5where Ωp and Ωb are the cyclotron frequencies of the (light) plasma and (heavy) beam electrons, respectively, viz.
Ωp,b = −eB0/mp,b. We further assume that parallel heat fluxes are much smaller than the perpendicular fluxes,
which is the applicability condition for the standard Grad’s 13 moment approximation14 and is intuitively expected
to hold for long beams, L‖  L⊥. Within such scaling we may neglect the gyroviscous part of the pressure tensor,
see Eq. (4.136) in15 and the fourth-order moments of the Vlasov equation. As the pressure is invariant under Lorentz
transformations16, equations for parallel and perpendicular pressure components [see e.g. the nonrelativistic equations
(60) and (64) in Ref.17], with the accuracy to the leading order in ε 1 defined in Eq. (17), are simplified to
∂p⊥
∂t′
+∇′ · (p⊥~v ′) + p⊥
[∇′ · ~v ′ − ~e‖ · (~e‖ · ∇′)~v ′]+∇′ · ~q⊥ = 0, (18)
1
2
[
∂p‖
∂t′
+∇′ · (p‖~v ′)]+ p‖~e‖ · (~e‖ · ∇′)~v ′ +∇′ · ~q‖ = 0. (19)
The perpendicular fluxes of the perpendicular and parallel heats are small quantities of order . O(ε) and given by17
~q⊥ =
2p⊥ ~e‖
mbΩb
×∇′ p⊥
nb
, ~q‖ =
p⊥ ~e‖
2mbΩb
×∇′ p‖
nb
. (20)
Finally, noting that the pressure is invariant under Lorentz transformations16, for the components of the collisionless
stress tensor pib we use the standard Braginskii’s expressions
18
piβ,β = −piα,α = (p⊥/2Ωb)
(
∂v′α/∂x
′
β + ∂v
′
β/∂x
′
α
)
,
piα,β = piβ,α = (p⊥/2Ωb)
(
∂v′α/∂x
′
α − ∂v′β/∂x′β
)
,
piα,‖ = pi‖,α = − (p⊥/Ωb)
(
∂v′β/∂x
′
‖ + ∂v
′′
‖/∂x
′
β
)
,
piβ,‖ = pi‖,β = (p⊥/Ωb)
(
∂v′α/∂x
′
‖ + ∂v
′′
‖/∂x
′
α
)
,
pi‖,‖ = 0, (21)
where we used the notation ∂/∂x′‖ = ~e‖ · ∇′, while α and β are two mutually perpendicular directions that are
perpendicular also to the magnetic field’s direction ~e‖. The perpendicular (to ~B) fluid velocity ~v ′⊥ of the (heavy)
beam electrons is now obtained when we multiply Eq. (15) with ~e‖× and can be expressed as the sum of the ~E × ~B,
diamagnetic, anisotropic-temperature, stress-related, and polarization drifts, viz.
~v ′⊥ = ~v
′
E + ~v
′
D + ~v
′
A + ~v
′
pi + ~v
′
p , (22)
where
~v ′E = −
~e‖
B
× ~E ′, ~v ′D =
−~e‖
enbB
×∇′p⊥, ~v ′B =
−p⊥~e‖
enB2
×∇′B, (23)
~v ′A =
− (p‖ − p⊥)~e‖
enbB
× (~e‖ · ∇)~e‖, ~v ′pi = −~e‖enbB × ~eα ∂piα,β∂xβ , ~v ′p = ~e‖Ωb ×
(
∂
∂t′
+ ~v ′ · ∇′
)
~v ′′. (24)
For completeness, in the above list we have included also the grad-B drift velocity ~v ′B , although it does not appear
explicitly in the expression (22), but it will emerge later in the continuity equation by virtue of the term ∇′ · ~v ′⊥.
Within the adopted scalings, Eq. (17), the electromagnetic field can be expressed in terms of the effective potential
ϕ ≡ φ− uAz and of the z-components of the vector potential and magnetic field, Az and δBz, viz.
~E′ = −∇′ϕ− ∂
∂t′
(
~ezAz + ~ez ×∇′⊥ ∇′⊥−2δBz
)
, ~B = ~ez (B0 + δBz)− ~ez ×∇′⊥Az. (25)
Noting from the ordering assumed in Eq. (6) that | ~δB⊥|/B0 ∼ nb/np0 ∼ (c/~v⊥)(δBz/B0)  1, from the above we
obtain the following leading-order expressions
~e‖ = ~ez − 1
B0
~ez ×∇′⊥Az, B = | ~B| = B0, ~e‖ · ~E = −~e‖ · ∇′ϕ−
∂Az
∂t′
, ~e‖ × ~E = −~ez ×∇′⊥ϕ, (26)
6Using Eqs. (21) the stress’ contribution to the parallel force in Eq. (15) and the stress-related drift take the form:
∂pi‖,β
∂x′β
= ~e‖ ·
[
∇′⊥v′′‖ ×∇′⊥
p⊥
Ωb
−∇′⊥ ×
(
p⊥
Ωb
∂~v ′⊥
∂x′‖
)]
. (27)
~v ′pi =
−1
enbB
{
∂
∂x′α
(
p⊥
2Ωb
∂~v ′⊥
∂x′α
)
+
[(
~e‖ ×∇′⊥
p⊥
2Ωb
)
· ∇′⊥
]
~e‖ × ~v ′⊥ +
∂
∂x′‖
[
p⊥
Ωb
(
∂~v ′⊥
∂x′‖
+∇′⊥v′′‖
)]
+
∂~v ′⊥
∂x′‖
∂
∂x′‖
p⊥
2Ωb
}
,
(28)
where v′′‖ = ~e‖ ·~v ′′ and we made use of ~v ′′⊥ ≈ ~v ′⊥. For an incompressible flow that is homogeneous along the magnetic
field, the stress-related drift simplifies to
~v ′pi = ~e‖ ×
{
1
enbB
∇′⊥
[
p⊥
2Ωb
∇′⊥ ·
(
~e‖ × ~v ′⊥
)]− 1
Ωb
(~v ′D · ∇′⊥)~v ′⊥
}
. (29)
Using the above and the expressions for the perpendicular heat fluxes of perpendicular an parallel heats, Eqs. (20),
we rewrite the equations of continuity and parallel momentum, (14) and (16), as well as the energy equations (18)
and (19) in the following convenient form(
∂
∂t′
+ ~v ′ · ∇′
)
log
nb
B
+
∂v′‖
∂x′‖
+
1
Ωb
∇′ ·
(
~e‖ ×
{[
∂
∂t′
+ (~v ′ − ~v ′D + ~v ′B) · ∇′
]
~v ′
})
= 0, (30)
[
∂
∂t′
+ (~v ′ − ~v ′D + ~v ′B) · ∇′
]
v′′‖ =
e
mb
∂ϕ
∂x′‖
− 1
enb
[
∂p‖
∂x′‖
+∇′ ·
(
p⊥
Ωb
~e‖ × ~v
′
⊥
∂x′‖
)]
. (31)
[
∂
∂t′
+ (~v ′ − ~v ′D + ~v ′B) · ∇′
]
log
p⊥
n2b
−
∂v′‖
∂x′‖
+ ~v ′B · ∇′ log p⊥ = 0, (32)[
∂
∂t′
+ (~v ′ − ~v ′D + ~v ′B) · ∇′
]
log
p‖
nb
+ 2
∂v′‖
∂x′‖
= 0. (33)
Within the drift ordering with weak parallel dependence and for perturbations that are much bigger than the Larmor
radius, Eq. (17), the ~E × ~B and diamagnetic drifts are bigger than the anisotropic-temperature, polarization, and
stress-related drifts, except the first term of the latter which is of the same order, see Eq. (28). However, our problem
involves large variations of the beam density nb, which is small but finite close to the beam axis, see Eqs. (3) and
(6), and vanishes at large distances. To accommodate such large relative density variations and and still have the
diamagnetic drift of the same order as the ~E × ~B drift, we have to restrict our analysis to relatively cold beames, viz.
p⊥/nb . eϕ ∼ εm0c2. (34)
Under such more restrictive scaling, our equations are further simplified since FLR corrections and the convection
by the anisotropic temperature- and grad-B drifts (i.e. terms ~v ′A · ∇′ and ~v ′B · ∇′) can be neglected, and also
logB/B0  log nb. We further note that the condition φ ∼ uAz and, consequently,
u(~e‖ − ~ez) · ∇′⊥ . ~v ′⊥ · ∇′⊥ ∼ ∂/∂t′  ∂/∂t ∼ u ∂/∂z′,
implies ~e‖ = ~ez +O(ε2), that further implies ~e‖ ·∇′ → ∂/∂z′, ~v ′′⊥ → ~v ′⊥, and v′′‖ → γ2uv′‖, see Eq. (15). It is also worth
noting that in Eq. (30) we may safely set logB → 0, since
log δBz ∼ δBz/B0 ∼ (v′⊥/c)(nb/np0) . ε2. (35)
Now, the equations of continuity, parallel momentum, and of the parallel and perpendicular energies (appropriately
combined with the continuity equation) can be written in a simple form
Dt′ log nb +
∂v′‖
∂z′
− 1
BΩb
∇′⊥ ·
[
Dt′
(
∇′⊥ϕ−
∇′⊥p⊥
enb
)]
= 0, (36)
Dt′ v′‖ =
e
γ2umb
(
∂ϕ
∂z′
− 1
enb
∂p‖
∂z′
)
(37)
Dt′ log p⊥
n2b
−
∂v′‖
∂z′
= 0, (38)
Dt′ log
p‖
nb
+ 2
∂v′‖
∂z′
= 0, where Dt′ = ∂
∂t′
+
1
B0
(~ez ×∇′ϕ) · ∇′. (39)
7Note that we have log nb = O(ε0), but the ordering of Eq. (17) still permits us to drop the polarization contributions
to the convective derivative of log nb and to keep the small but finite FLR corrections in the last term of Eq. (36).
The equations for the perpendicular and parallel pressures (38) and (39) are coupled via the term ∂v′‖/∂x
′
‖. In the
isotropic case, p‖ = p⊥ ≡ p their linear combination yields the standard equation of state for a 3-D adiabatic process
Dt′ log
p
nκb
= 0, ⇒ p = τ nκb , where κ ≡ κ‖ = κ⊥ = 5/3, and τ ≡ τ‖ = τ⊥ = constant. (40)
Conversely, noting from Eqs. (37) and (17) that coupling between equations for p⊥ and p‖ is weak, since we have
log
p⊥
n2b
∼ log p‖
nb
∼ e
mbc2
[
ϕ−
(
∂
∂z′
)−1(
1
enb
∂p‖
∂z′
)]
∼ O (ε) , (41)
for a sufficiently long beam we can write the following leading solutions, rigorously valid only if ∂v′‖/∂z → 0, viz.
p⊥ = τ⊥ nκ⊥b , p‖ = τ‖ n
κ‖
b , where κ⊥ = 2, κ‖ = 1, and τ⊥, τ‖ = constant. (42)
IV. STATIONARY STATES AND THEIR STABILITY
One easily verifies that our model equations (36)-(39) are satisfied by arbitrary stationary and z-independent
functions φ,Az, nb, v
′
‖, p‖, and p⊥ that are cylindrically symmetric,
∂/∂t′ = ∂/∂z′ = ∂/∂θ′ = 0, (43)
where θ′ = arctan (y′/x′). Then, Eq. (11) yields an infinite number of solutions for the potentials, depending on our
choice of the relation nb = nb(ϕ). The number of solutions that are stable to small, but finite, perturbations is likely
to be much smaller. To find possible stable solutions, we seek stationary states that exist when some of the conditions
(43) are not satisfied, i.e. if a certain class of perturbations is applied to a cylindrically symmetric, z-independent
stationary structure. This can be done in two important regimes, described below, in which relatively simple analytic,
albeit fully nonlinear solutions for the beam density nb can be obtained from Eqs. (36)-(39).
A. Thermalized beam that is inhomogeneous in the direction of propagation
We seek a solution whose effective parallel phase velocity is sufficiently small so that we may neglect the left-hand
side of the parallel momentum equation (37). Estimating v′‖ from Eq. (36), we find that this can be done when( Dt′
∂/∂z′
)2
 p‖
γ2umbnb
(44)
For such structure, that is fittingly inhomogeneous in the direction of propagation, we also have a fully 3-D adiabatic
process, which is in the case isotropic pressure described by Eq. (40). Then, Eq. (37) yields the beam density as
nb =
(
−2
5
eϕ
τ
) 3
2
. (45)
Introducing the following normalized quantities
ϕ→ −eϕ
(
2
5τ
)3(
m0c
2
np0
)2
, r → ωppr
′
c
, Ωp → Ωp
ωpp
, (46)
our equations (11) and (45) simplify to the following dimensionless equation[(
1−∇2⊥
)2
+ Ω2p∇4⊥
]
ϕ+
(
1−∇2⊥
)
ϕ
3
2 = 0, (47)
that is solved numerically in a cylindrically symmetric case, ϕ = ϕ(r) and the solution is displayed in Fig. 1. Apart
from certain radial spreading, the solution is similar to that obtained in the absence of the guide magnetic field13.
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FIG. 1: Electrostatic potential ϕ of cylindrically symmetric stationary structures, found as the solutions of Eq. (47). The red,
blue, magenta, and black lines correspond to the solutions with different guide magnetic fields, for which the parameter Ω2p has
the values Ω2p = 0.1, 0.5, 3, and 10, respectively. Normalizations are given in Eq. (46).
B. Helicoidally shaped monoenergetic beam
In the case of a beam with a very narrow velocity spread in the parallel direction, i.e. in the regime with τ‖ → 0
and τ⊥ 6= 0, we have a 2-D adiabatic process in the transverse direction with κ⊥ = 2. For such monoenergetic beam
we seek a corkscrew shaped (i.e. helicoidal) solution that is expected to emerge when the beam is launched at a small
pitch angle to the magnetic field, so that the Lorentz force wraps it around the z axes in the form of a helix. More
specifically, we seek a solution that is propagating along the z axis with the nonrelativistic phase velocity δu and
spinning around it with the angular velocity ωb, satisfying ωb  Ωb. Such solution depends only on the variables
r′′ =
√
x′2 + y′2 and t′′ = t′ − z′/δu− θ′/ωb, where θ′ = arctan (y′/x′). The periodicity length of such helix in the z
direction is L′z = δu/ωb, and the frequency of this structure observed in the laboratory frame is given by
ω = (2pi/L′z)u = 2pi(u/δu)ωb  Ωp, (48)
which agrees with the plasma scaling (5) when u/δu > γu. It should be noted also that the self-modulation instability
in a magnetized plasma, described in our earlier papers5,6 arises through the nonlinear convection coming from the
curlfree part of the fluid velocity, see e.g. Refs.19–21. Under the drift scaling Eq. (17), the latter velocity component is
essentially equal to the polarization drift and the resulting nonlinear terms are small quantities of a higher order, not
included in our basic equations (36)-(39). In other words, the self-modulation and the concomitant betatron emission
occur on a time scale that is slow (in the comoving frame) compared to the rotational frequency of the helicoidal
beam, ωb, and to the related oscillations observed in the laboratory frame described by Eq. (48).
Now, for a helicoidal moving/spinning structure the parallel momentum equation takes the form[
~ez ×∇′′
(
ϕ−B0ωbr′′2/ 2
)]
· ∇′′
(
v′‖ +
e
mb
ϕ
γ2u δu
)
= 0, (49)
which is readily integrated as
v′‖ = −
e
mb
ϕ
γ2u δu
+ δu F
(
ϕ−B0ωbr′′2/ 2
)
, (50)
where F is an arbitrary function of its argument. Substituting these in Eq.(36) and using p⊥ = τ⊥ n2b we have[
~ez ×∇′′
(
ϕ−B0ωbr′′2/ 2
)]
· ∇′′
{
log nb +
[
e
mb
1
γ2u δu
2
−F ′
(
ϕ−B0ωbr′′2/ 2
)]
ϕ
}
+
1
ΩzB0
∇′′ ·
({[
~ez ×∇′′
(
ϕ−B0ωbr′′2/ 2
)]
· ∇′′
}
∇′′
(
ϕ− 2τ⊥
e
nb
))
= 0, (51)
where F ′(ξ) = dF(ξ)/dξ. We conveniently introduce the following dimensionless quantities
ϕ→ eϕ
T0
, nb → m0c
2
T0
n′b
np0
, ~r → ωpp~r
′′
c
,
ωb → m0c
2
T0
Ωp ωb
ω2pp
, Ωp → Ωp
ωpp
, τ⊥ → τ⊥np0
m0c2
, ρ =
ωpp
Ωp
(
γuT0
m0c2
) 1
2
, d =
c
γ2uδu
Ωp
ωpp
, (52)
9where T0 is a constant of normalization, adopted so that in the spatial region of interest we have ϕ ∼ nb ∼ ωb ∼ O(1).
Now we can rewrite Eq. (51) in a normalized form as[
~ez ×∇
(
ϕ− ωbr2/ 2
)] · ∇{log nb + ρ2d2ϕ [1−F ′ (ϕ− ωbr2/ 2)]}+
ρ2∇⊥ ·
({[
~ez ×∇⊥
(
ϕ− ωbr2/ 2
)] · ∇⊥}∇⊥ (ϕ− 2τ⊥nb)) = 0, (53)
In the rest of the paper we use F ′(ξ) = 0, which yields a simple (linear) expression for v′‖, viz. v′‖ = −eϕ/(mbγ2u δu).
Such choice is equivalent to that we have used in the pressure equations, see Eqs. (40) and (42).
We note that for a nonrelativistic phase velocity δu the parameter d scales as d = 2 (Ωp/ωpp)(c − u)/δu ∼ O(1),
while the parameter ρ is very small, viz. ρ2 = (vT0/c)
3
2 [vT0/2(c−u)]
1
2 (ω2pp/Ω
2
p) 1, where vT0 is the thermal velocity
of electrons with the temperature T0, viz. vT0 = (T0/m0)
1
2 .
In the limit ρ→ 0 the above equation is solved for the beam density as nb → G(ϕ−ωbr2/ 2) where G is an arbitrary
function of its argument. Then, with the accuracy to the first order in the small parameter ρ2, using the identity
2∇⊥ · {[(~ez ×∇⊥f) · ∇⊥]∇⊥G (f)} = (~ez ×∇⊥f) · ∇⊥∇2⊥G (f)−
[
~ez ×∇⊥∇2⊥f
] · ∇⊥G (f) , (54)
and after some algebra, the continuity equation (53) can be rewritten as a complete mixed product{
~ez ×∇⊥
[
ϕ− ωbr
2
2
+ τ⊥nb ρ2∇2⊥
(
3
2
ϕ− τ⊥nb
)]}
· ∇⊥
[
log nb − ρ2∇2⊥ (ϕ− τ⊥ nb) + ρ2d2 ϕ
]
= 0, (55)
which is readily integrated in terms of a continuous, but otherwise arbitrary function G(ξ), viz.
nb = G
[
ϕ− ωbr
2
2
+ τ⊥nb ρ2∇2⊥
(
3
2
ϕ− τ⊥nb
)]
× exp [ρ2⊥∇2⊥ (ϕ− τ⊥nb)− ρ2d2 ϕ] , (56)
≈ G
(
ϕ− ωbr
2
2
)[
1 + ρ2∇2⊥
(
ϕ− τ⊥n(0)b
)
− ρ2d2ϕ
]
+ G′
(
ϕ− ωbr
2
2
)
τ⊥n
(0)
b ρ
2∇2⊥
(
3
2
ϕ− τ⊥n(0)b
)
. (57)
The above expression for the beam density nb is to be used in the dimensionless version of the plasma equation (11),
that with the use of the normalizations Eq. (52), takes the form[(
1−∇2⊥
)2
+ Ω2p∇4⊥
]
ϕ =
(
1−∇2⊥
)
nb. (58)
Following the standard procedure for the construction of vortex solutions, we adopt G(ξ) to be a part-by-part linear
function, whose slope G1 is allowed to jump at some value of its argument, viz. G(ξ) = (ξ−ξ0)G1 where G1 = Gin,out1
if ξ ≶ ξ0, respectively. The condition ξ(r, θ) = ξ0 determines a closed line in the r, θ plane, that is usually referred
to as the edge of the vortex core. As the beam density nb contains only a small nonlinear term ∼ ρ2, we will seek
the solution of Eq. (58) in the form ϕ = ϕ0(r) + ρ
2δϕ0(r) + ϕ1(r) cos θ, where ϕ1  ϕ0 is the amplitude of the first
cylindrical harmonic and δϕ0(r) is a small nonlinear correction to the zeroth cylindrical harmonic. In other words,
we seek a solution that is predominantly cylindrically symmetric, but (slightly) displaced from the center r = 0 and
wrapped around the z axes in the form of a helix. The vortex core in such a case needs to be adopted as a slightly
shifted circle whose radius is r0, viz. r = r0 + δr cos θ, where δr  r0; its 3-D shape is shown in Fig. 3.
a. Outside solution From the condition that the beam density vanishes at r → ∞ we readily see that outside
of the vortex core we must have Gout1 = 0 and, consequently, n
out
b = 0, see Eq. (56). The solution for the potential
outside the vortex core, ϕout, is determined from(∇2⊥ − κ2) (∇2⊥ − κ∗ 2) (ϕout0 + ϕout1 cos θ) = 0, where κ = (1 + iΩp)− 12 , (59)
that is readily solved as δϕout0 = 0 and
ϕout0 = α0R ReK0 (κr) + α0I ImK0 (κr) , ϕ
out
1 = α1R ReK1 (κr) + α1I ImK1 (κr) , (60)
where αjR and αjI are arbitrary real constants, Kj are modified Bessel functions, and j = 0, 1.
b. Inside solution Substituting the beam density, Eq. (57), into the plasma equation (58) and expanding the
latter in δϕ1, ρ
2  1, we obtain the following equations(∇2⊥ + k2+) (∇2⊥ − k2−) (ϕin0 + ar2 + b+ ϕin1 cos θ) = 0,(∇2⊥ + k2+) (∇2⊥ − k2−) δϕin0 = ninNL, (61)
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where G1 → Gin1 and ninb0 = G1 (ϕout0 − ωbr2/2− ξ0) and
ninNL =
1−∇2⊥
1 + Ω2p
{
ninb0
[∇2⊥ (ϕin0 − τ⊥ninb0)− d2ϕin0 +G1 τ⊥∇2⊥ (3ϕin0/2− τ⊥ninb0)]}
k2± =
1
2
(
1 + Ω2p
) [± (G1 − 2) +√G21 − 4Ω2p (1−G1)] , a = G1ωb2 (1−G1) , b = G11−G1
(
2ωb
1−G1 + ξ0
)
.
For later purposes, it is convenient to use k+ as the constant of integration and to express G1 and k− in terms of k+
G1 = 1 + k
2
+ +
k4+ Ω
2
p
1 + k2+
k2− = 1−
Ω2p(
1 + k2+
) (
1 + Ω2p
) .
We note that if we adopt k2+ > 0, we automatically obtain k
2
− > 0. Equations (61) are readily solved
ϕin0 = β0 J0 (k+r) + γ0 I0 (k−r)− ar2 − b,
ϕin1 = β1 J1 (k+r) + γ1 I1 (k−r) ,
δϕin0 (r) = −K0 (k−r)
∫ r
0
I0 (k−r′) fNL (r′) r′dr′ − I0 (k−r)
∫ r0
r
K0 (k−r′) fNL (r′) r′dr′, (62)
where
fNL (r) =
pi
2
[
Jk (k+r)
∫ r0
r
Yk (k+r
′)ninNL (r
′) r′dr′ + Yk (k+r)
∫ r
0
Jk (k+r
′)ninNL (r
′) r′dr′
]
, (63)
βj and γj with j = 0, 1 are arbitrary real constants, and Jj , Ij are the Bessel functions and the modified Bessel
functions of the first kind, respectively.
The above ”in” and ”out” solution must be properly connected at the edge of the core. Separating the zeroth
and the first cylindrical harmonics and with the accuracy to the first order in the small parameters δr and ρ2, the
continuity of the function G and of the radial electric field gives the following six equations
ϕout0 (r0) = ϕ
in
0 (r0) + δϕ
in
0 (r0) = ωbr
2
0/2 + ξ0, (64)
ϕout1 (r0) + δr (d/dr0)ϕ
out
0 (r0) = ϕ
in
1 (r0) + δr (d/dr0)ϕ
in
0 (r0) = 0, (65)
(d/dr0)ϕ
out
0 (r0) = (d/dr0)
[
ϕin0 (r0) + δϕ
in
0 (r0)
]
, (66)
(d/dr0)ϕ
out
1 (r0) + δr
(
d2/dr20
)
ϕout0 (r0) = (d/dr0)ϕ
in
1 (r0) + δr
(
d2/dr20
)
ϕin0 (r0) . (67)
A close inspection reveals that the solutions ImKj (outside) and Ij (inside) must have smaller amplitudes than the
other two linearly independent modes. These solutions vanish in a sufficiently dense plasma, in the limit Ωp → 0.
Moreover, for a finite Ωp the ”in” and ”out” solutions can be properly connected at the edge of the core only if the
amplitude of the latter is sufficiently small, γj < βj . For simplicity, we set αjI = γj = 0, and eliminate the remaining
constants of integration from the continuity conditions (64)-(67), which after some algebra yields
(G1 − 1) d
dr0
log
[
J0 (k+r0)
ReK0 (κr0)
ReK ′0 (κr0)
ReK1 (κr0)
]
=
d
dr0
log [Q (r0)]× (d/dr0) log [J
′
0 (k+r0) /Q
′ (r0)]
(d/dr0) log [J0 (k+r0) /Q (r0)]
{
(d/dr0) log [J0 (k+r0)]
(d/dr0) log [ReK ′0 (κr0)]
+G1 − 1
}
, (68)
where Q(r) = a1(r
2 − 2ξ0/ωb) + b1 and the prime denotes the derivative of a function. As a typical example, we
adopted the parameters of the solution and of its environment to be ωb = 2.5, r0 = 2.5, δr = 0.8, and Ωp = −0.7, and
solved numerically the dispersion relation. The corresponding corkscrew-shaped, stationary rotating structure whose
electrostatic potential is described by Eqs. (60) and (62) is displayed in Fig. 2.
The FLR terms appear only as corrections in the nonlinear dispersion relation (68), and they only slightly modify
the radial profile of the structure in Fig. 2. We note also that a purely 2-D stationary state, with ∂/∂z = ∂/∂θ = 0,
may have an arbitrary radial dependence, while the above described helicoidal structure has a unique transverse
profile, determined from the dispersion relation (68) for each particular radial extend r0 and the pitch angle r0ωb/δu.
In a more realistic case, allowing for a small but finite contribution of the linear solutions ImKj (outside) and Ij
(inside), the radial dependence of the helicoidal structure would acquire some degree of freedom.
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FIG. 2: Contour plot of the electrostatic potential ϕ of a corkscrew-shaped, stationary rotating structure described by Eqs.
(60) and (62), that rotates around the point (x = 0, y = 0) and propagates along the z axis. The normalizations are given in
Eq. (52) and the parameters of the solution and of its environment are adopted as ωb = 2.5, r0 = 2.5, δr = 0.8, Ωp = −0.7.
FIG. 3: Three-dimensional plot of the separatrix pertaining to the solution displayed in Fig. 2. The parallel phase velocity is
adopted as δu = pi/2.
V. CONCLUDING REMARKS
In this paper we have developed a hydrodynamic theory of a long relativistic beam propagation in an overdense
plasma, in the regime in which the dynamics in the comoving frame can be regarded as nonrelativistic. Two different
regimes of the evolution have been considered with respect to the rate of parallel heat convection. When the parallel
phase velocity is well below the thermal speed, the beam electrons are effectively thermalized and the beam behavior
is similar to that observed earlier in the nonmagnetized case13 with an additional degree of widening that comes from
the increased spatial dispersion of electrostatic perturbations in a magnetized plasma. A stationary solution for the
beam profile is found, whose localization in the transverse direction is governed by the nonlinearity associated with
the 3-D adiabatic expansion of the beam. In the case when the parallel phase velocity is sufficiently large to prevent
the heat convection along the magnetic field, we have demonstrated that the stationary state may have an arbitrary,
cylindrically symmetric profile. The stability properties of the latter are assessed by studying a beam that has been
launched at a small pitch angle relative to the magnetic field. We have demonstrated that the resulting helicoidal
structure features a specific transverse profile whose shape is unique and fully determined by the radial extend r0 and
the pitch angle ωbr0/δu, which indicates that the other arbitrary shapes permitted in a purely parallel propagation
become unstable when the beam is not perfectly aligned.
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